We prove a variation of Gronwall's lemma.
The formulation and proof of the classical Gronwall's lemma can be found in [1] . We prove here a variation of this lemma, which we were not able to find in the literature. The main difference from usual versions of Gronwall's lemma is that −λ is negative.
Lemma 1 Let g : [0, ∞[→ R be a continuous function, C a real number and λ a positive real number. Assume that
where
Proof Case 1 :
Remark that h is positive with h(0) = g(0), and satisfies (1) where the inequality has been replaced by an equality
Consider now the set S = {t ≥ 0 | g(t) > h(t)}. If S = ∅ then the lemma holds true. Assume by contradiction that S = ∅. In this case, consider an element a ∈ S. One has by definition g(a) > h(a). Since g(0) = h(0), one also has a > 0. Consider now
By continuity of g and h and by the fact that g(0) = h(0), one has g(m) = h(m). One thus also has m < a and
Consider now φ(t) = g(m) − λ t m g(s)ds. Equation (1) implies that
In order to compare φ(t) and h(t) for t ∈]m, a[, let us differentiate the ratio φ(t)/h(t). The conclusion of the lemma follows by replacingĝ by g − C/λ in the above equation.
Thus φ(t)/h(t) is increasing for

